ABSTRACT. I provide a systematic construction of points, defined over finite radical extensions, on any Legendre curve over any field. This includes as special case Douglas Ulmer's construction of rational points over a rational function field in characteristic p > 0. In particular I show that if n ≥ 4 is any even integer and not divisible by the characteristic of the field then any elliptic curve E over this field has at least 2n rational points over a finite solvable field extension. Under additional hypothesis, I show that these are of infinite order. I also show that Ulmer's points lift to characteristic zero and in particular to the canonical lifting.
INTRODUCTION
In [2] I gave a construction of n ≥ 7 (odd) rational points on any Legendre elliptic curve over any number field with the n points being defined over large highly non-solvable extensions of the number field. In this note I provide a construction of n ≥ 4 (even) rational points on any Legendre elliptic curve over any given number field with points being defined over explicit solvable extensions. Under additional hypothesis I show that these points are of infinite order. The construction is quite general and works over fields of characteristic not equal to two and includes a special case Ulmer's construction for F q (t).
POINTS ON A LEGENDRE ELLIPTIC CURVE
Let K be a field. Throughout this paper I will assume that 2 = 0 in K. A Legendre elliptic over K is the following elliptic curve (2.1) y 2 = x(x + 1)(x + λ)
for some λ ∈ K − {0, −1}. Let me begin with the following basic observation. 
-valued point on (2.1) with u n = λ.
This includes as a special case the fundamental construction of D. Ulmer (see [5] ):
Proof of Theorem 2.2. The assertion is clear from:
Proof of Theorem 2.3. Noting that n = p f + 1 is even as p is odd and K has characteristic p > 0, the assertion is clear from:
Corollary 2.12. Let E be a Legendre elliptic curve given by (2.1) over a field K in which 2 = 0. Let n ≥ 4 be any even integer not divisible by the characteristic of K. Then there exists a radical extension K ′ of K over which E has n K ′ -rational points.
Proof. Let u 1 , . . . , u n be the n roots of X n −λ. Then by Theorem 2.2 the points u i , u i (u i + 1)
are on E and defined over
which is a radical extension of K as u i = ζ i n √ λ where 0 ≤ i < n and ζ is a primitive n th -root of unity.
The following theorem shows that these considerations can be applied to any elliptic curve (not necessarily a Legendre elliptic curve) over any field K in which 6 = 0. Theorem 2.13. Let K be a field in which 6 = 0 and let E be any elliptic curve over K. Let n ≥ 4 be any even integer not divisible by the characteristic of K. Then there exists an explicit finite, solvable extension K ′ of K over which E has least 2n rational points.
Proof. Let E be any elliptic curve over K. After passage to the field K(E [2] ) (which is solvable with Galois group a subgroup of S 3 ) generated by 2-torsion , one can assume that E has two torsion defined over K(E [2] ) and therefore E can be defined over this field by y 2 = (x + a)(x + b)(x + c) and after applying a suitable automorphism defined over K(E [2] ) one can assume that E is a Legendre curve (2.1) over K(E [2] ). Now the assertion is clear from the construction of the points P carried out over K(E[2]) using Theorem 2.2 and Corollary 2.12.
ULMER'S RATIONAL POINTS LIFT TO CHARACTERISTIC ZERO
My next result is the following consequence of Theorem 2.2 which shows that the rational points constructed by D. Ulmer in [5] in fact lift to characteristic zero.
be an integer and let n = p f + 1. Let B be the A-algebra given by
Proof. The proof is clear from the proofs of Theorem 2.2 and Theorem 2.3.
The following Lemma should be well-known but I do not know a reference. 
Proof. By the theory of canonical liftings, E has a canonical lift E can to W and by well-known arguments, the canonical lift has a Tate-Weierstrass model. As characteristic p of k does not divide 6 one sees that E can has a model y 2 = f (X) with f (X) ∈ W (k) is monic of degree three. As f (X) ≡ x(x + 1)(x + λ) mod p and the factors on the right are coprime so one sees, by Hensel's Lemma, that f (X) has linear factors in W (k)[x] and so f (X) = (x + a)(x + b)(x + c) with a ≡ 0 mod p, etc. Applying an automorphism of W (k)[x, y] one may further assume that a = 0. So E can has a model y 2 = x(x + b)(x + c) with b ≡ −1 mod p etc. and as k is algebraically closed so there exists a unit u ∈ W (k) such that u 2 = b and u 2 ≡ −1 mod p and hence replacing x, y by xb = xu 2 , yu 3 one sees that E can has a model of the form y 2 = x(x + 1)(x +λ) for someλ ∈ W andλ ≡ λ mod p. The rest of the assertion is clear.
I will call such aλ = λ can provided by this lemma a canonical Serre-Tate-Legendre coordinate (or simply a canonical Legendre coordinate) for an ordinary, Legendre elliptic curve E given by (2.1). The following corollary is now immediate from Theorem 3.1: Theorem 3.3. Let E be the (ordinary) Legendre curve over an algebraic closure k of F q (t) with λ = t and E can be its canonical lifting with Legendre canonical coordinateλ ∈ W (k). Let n = p f + 1 for integers f ≥ 1. Then Ulmer's rational points (u, u(u + 1) p f +1 ) lifts to a point
where
LEGENDRE ELLIPTIC CURVES OVER NUMBER FIELDS
In this section I assume that K is a number field. Theorem 2.13 provides a construction of solvable points on any elliptic curve over K. Now let me show that under certain circumstances these points are also of infinite order. Analysis is greatly simplified if one assumes that λ is an algebraic integer, but it is possible to relax this assumption with additional notational complexity.
Theorem 4.1. Let K be a number field and let E given by (2.1) be a Legendre elliptic curve over K with λ ∈ O K . Suppose n ≥ 4 is an even integer and let
Proof. Let O be the point at infinity on E. Suppose P is of finite order, say m. One can assume that m ≥ 3 as P is not equal to O nor is it of order two as its y-coordinate is non-zero. Since E has good reduction at p, q by hypothesis, the equation for E is minimal at p, q. Let p = p ∩ Z and q = q ∩ Z be the primes of Z lying below p, q. By assumption p, q > 2. [3] ). As
u+1 ∈ p so P = (u, 0) mod p which has order two so m = 2. Note that as
it follows that P ≡ (−λ, 0) mod p, and this also holds for q. Thus if P is of finite order m then p|m. Now let m = m ′ p r where (m ′ , p) = 1 and r ≥ 1. Then Q = m ′ P has order p r . As
But again P ≡ (u, 0) mod q is two torsion, and reduction modulo q is a homomorphism of groups, so modulo q, Q = m ′ P is equal to (u, 0) if m ′ is odd or equal to O if m ′ is even . Thus Q = Q 0 + Q 1 where Q 0 has order dividing 2 and Q 1 has order equal to a power of q (i.e. Q 1 is a torsion element of the kernel of the reduction modulo q map). But as Q has order p r and Q 0 + Q 1 is annihilated by 2q n for some n ≥ 0. But this is clearly impossible. Hence one has a contradiction and hence P is not of finite order. So P is of infinite order. I do not know if conditions (1)-(3) of Theorem 4.1 hold for a given λ and all but finite many even integers n ≥ 4. But perhaps the following weaker assertion does hold: Conjecture 4.3. Let K be a number field and assume that E given by (2.1) is a Legendre elliptic curve over K with some λ ∈ K. Then there exist infinitely many even integers n ≥ 4 such that conditions (1)-(3) of Theorem 4.1 hold for all the n points P constructed above and these n points generate a subgroup whose rank grows linearly in n.
A NUMERICAL EXAMPLE OF THEOREM 4.1
The following numerical example shows that there are {K, λ, n, p, q} which satisfy all the hypothesis of Theorem 4.1 (so the assertion is non vacuous).
Let K = Q and consider the curve (2.1) with λ = 86 and n = 10. Let L = Q(u, v) where
and v 2 = u n−1 + 1 u + 1 = u 9 + 1 u + 1 = u 8 − u 7 + u 6 − u 5 + u 4 − u 3 + u 2 − u + 1.
Using [1] one find the factorization into prime ideals:
(v) = (7, v)(37, v)(1069, v)(10934266789, v)(3027381380137219, v).
So that choosing p = (37, v) and q = (1069, v) one sees that v ∈ p ∩ q and u, u + 1 ∈ p ∪ q. So the hypothesis of Theorem 4.1 are satisfied. In fact one can compute the order of E(L) tor = 8 (λ is a square in L and so E has a four torsion point over L) and one checks that P = (u, u(u + 1)v) is a non-torsion point in E(L) (as predicted by Theorem 4.1).
